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Abstract 

The neoclassical calculation of the helicon wave theory contains a fundamental flaw. Use is 
made of a proportional relationship between the magnetic field and its curl to derive the Helmholtz 
equation describing helicon wave propagation; however, by the fundamental theorem of Stokes, the 
curl of the magnetic field must be perpendicular to that portion of the field contributing to the 
local curl. Reexamination of the equations of motion indicates that only electromagnetic waves 
propagate through a stationary region of constant pressure in a fully ionized, neutral medium. 
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The neoclassical calculation of the helicon wave theory, presented for the case of an 
annular waveguide in Reference |]| which follows Chen's derivation ^ for a cylindrical con- 
figuration, contains a fundamental flaw in its use of vector field theory . A proportional 
relationship is derived between the magnetic field and its curl which contradicts the funda- 
mental theorem of Stokes, thus the waves described cannot be physical. Reexamination of 
the plasma equations of motion with consideration of the convective terms for the case of 
vanishing mass flow, charge density, and pressure gradients leads to the familiar Ohm's law 
of conductive material, indicating that only the usual electromagnetic radiation propagates 
through such regions. A similar discussion on the existence of whistler oscillitons 
in geophysical plasmas is noted. 

The model for infinite conductivity a is given by the linearized system: 



propagates 

0,0,0,3 



V X E = -dB/dt , VxB = /ioJ, E = Jx Bo/erio , (1) 

where Bq is the applied magnetic field along some axis b and no is the plasma density 
Tie = rij = Uq, with solutions of the form B = ^(^f'^Q^i^s+kz-uit) ^ r^^^^ standard derivation 
of the helicon wave equation is here termed "neoclassical" for its use of the quasineutral 
approximation to justify its determination of the electric field from an equation of motion 
rather than the remainder of Maxwell's equations [ol, as given by the substitution apparent 
in Equation (9) of Reference 

iujB = VxE = Vx(Jx Bo)/eno = (Bq ■ V)J/eno = J (ikBo/eno) , (2) 

where we note that implicit use of a constant density has been made, as 

V X (J X Bo/no) = [V X (J X Bo)]/no - (J x Bq) x V(l/no) , (3) 

with the result 

V X B = aB , (4) 

for a = {uj/k){fiQenQ/ Bq) = {uj/k){ujpJuceC^), leading to the Helmholtz wave equation 
(V^ + a^)B = 0. However, for the real field B displaying circulation caused by the local 



current J which from Equation ([2]) is in phase, by the fundamental theorem of Stokes 

A^o A r--»o vrr 



id, 



, . L.dl B(r) ■ (bxf) S""rd9B(r)-9 
(V X B) ■ 6 = Im ^ = lim ^ — = , (5) 



2 



where these r and 9 refer to our local geometry, not the global one, as in Figure [H the 
component of the curl of B along B must vanish, thus Equation (jlj) cannot hold for both a 
and B nontrivially real. As the wave in question propagates freely without attenuation, k 
hence a is real, leading to an infinite wave number for finite or a zero frequency for finite k. 
One might patch the theory by inclusion of the displacement term in the Maxwell- Ampere 
equation, necessary when the rate of change of B is itself changing, d'^B/dt'^ ^ 0, and 
essential to the propagation of electromagnetic waves, so that the equation V x (V x B) = 
/ioV X (J + todE/dt) leads to 



V^B + a{aB + /^oeo 



dE 

'dt 



92 B 



1 ^0 T3 9 
1 Bo X — 

erio at 



B = 



(6) 



where we recognize a modified Klein-Gordon equation for each component of B, admitting 



.a- 



B = 



(7) 



For consistency, one should require of Equation ([6]) reduction to the standard wave equation 
for conductors D^B = ^QadB/dt in the limit of vanishing applied magnetic field Bq 0, 
which admits attenuated solutions with finite uj and k. The first problem to arise is that 
lim^Q^o ex = 00 rather than 0, and the second is that an infinite conductivity a ^ 00 requires 
dB/dt — > 0, hence a static magnetic field. 

The difficulty encountered above by the neoclassical model results from the misapplication 
of the Ohm's law equation, which itself is derived from the electron and ion equations of 
motion. For a neutral, hydrogenic plasma of species s G {e, i} with total particle density 
n = He + rii = 2no, mass density pm = J2s^s^s, mass fiow velocity PmS m = X^s'^s'^sV^, 
free current density J/ = J^s^s^s'^s, and pressure p = riT = J2s^sTs = J2sPsy ^^e 
equations of motion neglecting viscosity and gyromotion read 

d 



risTTls 



dt 



+ (Vs ■ V) 



V, + Vps = Uses (E + V, X B) + F, 



sk 



(8) 



where k ^ s for the friction term Fej = —Fie = meUeiJ f / e which represents interspecies 
collisions. From the definitions of the current and fiow velocity we may exchange the electron 
and ion velocities {Vg, Vj} for the pair {V^^, Jj} via 



(9) 



Pm^m 




rrif. rrti 










= v + "^^ 


-rrti 


= no 
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The sum of Equations ([8]) gives the net force balance equation 



dt 



+ C+ + = J/ X B 



(10) 



and their difference the generahzed Ohm's law equation 



no{mi-me) 



2mpm,- d J i 



e"". ^c_+V(p,-pe) = %e(V, + Ve)xB+2[noeE-F,,] , 



dt e{mi + Trie) dt 

where noe(Vj + Vg) = 2nQeVrn — noij^i — f^ej-if/Pm, and the convective terms 
no [nii (Vj ■ V) Vj ± me (V^ ■ V) Ve] are given by 



(11) 



C+ = no {mi + nie) 

C = no {nii - rrie) 
2nomf,mi 



rriemi ( J/- 



Pm J Pm 



Jii. V 1 ^ 



+ 



(V„ ■ V) ^ + ( ^ ■ V ) V 



Pn 



(12) 
(13) 
(14) 



With consideration now of a vanishing flow velocity = 0, the generalized Ohm's law 
equation may be put into the form 



+ ^ '-^{3f xB) =E-r]3f , 



(15) 



e^Pm dt 2noe ' 2ep^ 
for resistivity rj = mgi^ej/noe^ where u^i is the interspecies collision rate, when the electrons 
and ions have the same thermal energy = Ti = Tq. As the net force balance equation 
must also hold true, for a region of constant pressure Vp = we find that J/ x B = C+. 
Then follows 



mpTTij d J 



/ 



e^pm dt 2noe 



^ no(m^-me) ^ 

Pm 



merrii d 3 f 
eVm dt 



which, in terms of the conductivity a = 1/1] and transit time Tei = l/t'ei, reduces to 



rrii 



d3 



f 



aE~3f . 



[rrii + me) dt 



(16) 



(17) 



With an oscillating field E = Ee and current 3 j = 3 fC , one finds 



(mj + me) 

and bringing the factors of J/ together gives us 



Tei{—iuj)3 f = crE — J 



(18) 



\f = a 



1 — iuJTp. 



m,: 



[mi + me)_ 



E 



(19) 
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which we compare to the usual complex conductivity of a material conductor 



V — lUO 



E , (20) 



noting that Ohm's law determines J/ in terms of E for a plasma just as in a normal con- 
ductor. With substitution into the Maxwell equations, one achieves the usual modified 
wave equations for a dispersive conducting medium, leading to the attenuated propaga- 
tion of electromagnetic radiation, and with vanishing damping factor a plasma frequency of 
tUp = e^/no{mi + me) /minieeo. 

So, where have all the waves gone? They have disappeared along with the variations 
in charge, mass, energy, and momentum density given by our assumptions of applicability. 
Without a model allowing for the explicit determination of these quantities, one is left with 
a theory of only electromagnetic waves. If one wishes to describe the behavior of other 
types of waves in the plasma, one is forced to deal with the physics describing the oscillation 
of the plasma medium. We note that the model above may be extended to incorporate 
the effects of the gyromotion through the inclusion of the bound current J;, = V x M 
for M = Ylis'^^si^s and the drift momentum PrnVd = V x for = Ylis'^^sh, where jig 
and Is are the magnetic moment and angular momentum per particle, respectively, to give 
a total current J = J/ + and momentum density = Pmiy^m + ^d)- As helicon 



antenna devices are in operation 
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12| as prototypes for a high-efficiency ion source and 



for an electric propulsion thruster, a better determination of what is happening within the 
waveguide is warranted. 
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FIG. 1: (Color online.) The definition of the curl of a vector field is the circulation per area, 
(V X B) • a = lim^_»o [/g^ dl B(r) • (d x f)] /A. The curl of a real vector field must everywhere be 
orthogonal to the local plane of circulation, hence that portion of the vector contributing to the 
curl at that location. 
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